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Research on consensus of second-order directed multi-agent system based
on non-smooth sampled-data control algorithm
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Abstract: In this paper, non-smooth control protocol is proposed in continuous time domain and discrete time domain
respectively for the consensus problem of second-order directed multi-agent systems. Firstly, a continuous-time non-smooth
consensus protocol is proposed. By Lyapunov theory and homogeneous system theory, it is proved that the �nite time
consensus of agents’ states can be achieved in the absence of external disturbance, and the errors between the agents’ states
will converge to a range related to the control parameters and external disturbance in the presence of external disturbance.
Then, based on sampled-data control, a discrete-time non-smooth consensus protocol is proposed, and the in�uence of
sampling period on the errors between agents’ states is further analyzed and explicit expression of the in�uence of external
disturbance, control parameters and sampling period on the errors of any two agents is given. Finally, a simulation example
is given to verify the correctness and effectiveness of the theory.
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ᵣ ѿ . ῒҬ̆ [25]
‗ԅ Ҋ ԋ ᵣ ѿ
̆ᵖ ,

‗ ῏ ӊѿ.

, ҈ └
. Ҭ̆ └
└ [26∼31]. [29]Ҭ̆ ԋ

ᵣ ѿ ̆ ₮ԅѿ
└ ̆ ԅ ȁ Ḥ ȁ

ᾟ ᴆ. [30]
ԅѿ Ḥ ᴆҊΐ ῀

ԋ ᵣ ѿ └ , ԅ Ḥ
- ᵣ ’.

̆ [31] ԅ
ΐ ℗ ꜚ ԋ ᵣ

ѿ └ .

Һ №ҹԋҩ №. ѿ̆
[25] ҉̆ ѿ ⱴ № ῀⌠
Ḥ Ҋ ԋ ᵣ ̕ ԋ̆ ԍ
└ ̆ ⌠ԅ ѿ .

҉̆ ԍ ₱ ̆
⌠ԅᴋ ԋҩ ᵣӊ ҍ └
ȁ ꜚ ῏ . ̆

ᴏ ᶛ ԅ .

2
Ҭ̆P > 0 P .

�max(Pפ ) �min(P ף≢№( P ṿ
ṿ. 1פ̆ = [1; :::; 1]T̆0 = [0; :::; 0]T .

2.1

ᵣ ѿ Ҭ
ῒ . ΐᵣ ̆ ԍ ᵣ
̆Ẋ nҩ ᵣ̆ ҹΓ = {1; · · · ; n}̆ ҩ
ᵣף ѿҩ ̆ῒ Ḥ Ҋ↓
̆G = {V;E;A}̆ῒҬV = {vi; i = 1; · · · ; n}

̆E ⊆ V × V ̆A = [aij ] ∈
Rn�n . (vj ; vi) ∈ Ĕ Ӈaij > 0

ᵣvj ᵣvi ѿҩ ᵣ̕
↕̆aij = 0. ᵣvi ᵣ

Ni = {j : (vj ; vi) ∈ E} . vi ₮
ӈҹ̔degout(vi) = di =

∑n
j=1 aij =

∑
j2Ni

aij .
G ҹD = diag{d1; · · · ; dn}̆Laplacian
ҹL = D − A. GҬ׆vi⌠vj Ҍ

viץ̆↓ vjץ̆ ̆ ѿ
EҬ. GҬ ѿ Ҍ

vĭvjӊ ѿ vi⌠vj׆ ̆ Ӈ G
. ̆ AT = Ă Ӈ G(A)

. ѿ Ҍ vĭvjӊ ѿ
vi⌠vj׆ ̆ Ӈ G .

2.2

Ҋ↓ΐ ԋ
ᵣ ̆

ẋi = vi; v̇i = ui + di(t); i ∈ Γ = {1; 2; · · · ; n}; (1)

ῒҬxiȁvi ui№≢ iҩ ᵣ ᵝ ȁ
└ ῀̆di(t) ꜚ̆ Ҋ↓Ẋ .

ẐẐẐ 1 ԍᴋ i ∈ Γ, lᶏ

|di(t)| ≤ l; ∀t ≥ 0: (2)

⌠ Ҭ̆ ᵣ ┴
Ḥ ̆ └ ̆ῒҬ

ᶏ Ḡ
u(t) = u(tk); ∀t ∈ [tk; tk+1);

tk+1 = tk + T; k ∈ N = {0; 1; 2; · · · };

ῒҬtk; tk+1 ┴ ̆T . ԍ
̆ ѿҩ№ └
u(tk)̆ └ ֽ ԍ ᵣ
Ḥ ̆ᶏ ᵣ ⌠ѿ Ȃΐᵣ
№ҹԋ Ȃ ᾢ̆ ѿ №

└ ̆ └ ֽ ԍ ᵣ
Ḥ ̕ ̆ᶏ Ḡ ̆ №
└ ̆ ⌠№ └ u(tk)Ȃ

2.3

1 [32] Ҋ↓

ẋ = f(x); f(0) = 0; x ∈ Rn; (3)

ῒҬf(·) : Rn → Rn ѿҩ ₱ . Ẋ
ѿҩ ₱ V (x) : U → R,
c > 0̆� ∈ (0; 1)̆ ѿҩ U0 ⊂ U ᶏ
V̇ (x) + c(V (x))� ≤ 0; x ∈ U0\{0}: ӇV (x)

⌠0. ̆ T T ≤ V (x(0))1��

c(1��) .

2 [33] 0 < p = p1=p2 ≤ 1,ῒҬp1 >
0; p2 > 0 ̆ Ӈ|xp − yp| ≤ 21�p|x− y|p:

3 p = p1=p2 ≥ 1,ῒҬp1 > 0; p2 > 0
, Ӈ|xp − yp| ≥ 21�p|x− y|p:

4 [33] ᴋ c; d; 
 > 0̆x; y ∈ R̆

|x|c|y|d ≤
c

c+ d

|x|c+d +

d
c+ d


�c=d|y|c+d:

5 [34] ԍᴋᵥ xi ∈ R; p ∈ (0; 1],
( n∑

i=1

|xi|
)p ≤

n∑

i=1

|xi|p ≤ n1�p(
n∑

i=1

|xi|
)p:



: ԓ ᾩ ┼ ԑ ᵩ ҅ 3

6 [35] ԍ G,ῒLaplacian
L Ҋ . ᴋ [x1; x2; :::; xn]T ∈ Rn,

xTLx =
1
2

n∑

i;j=1

aij(xi−xj)2 =
1
2

n∑

i=1

∑

j2Ni

aij(xi−xj)2;

Ӟ L . 0 L ѿҩ ṿ ғ1
ȂẊ L ṿ 0; �2; :::; �n

̆ Ӈ0 ≤ �2 ≤ · · · ≤ �n:ῒҬ̆ ԋҩ
ṿ�2 > 0. ̆1Tx = 0 ̆ xTLx ≥ �2xTx̕
ԍ i ∈ Γ̆xTLx ≤ �nxTx.

7 [36] Ẋ G(A)
̆ ↕ ᾝ ῃ ҹ ↓

w ᶏ wTL(A) = 0T . ̆
1
2

(
diag(w )A + ATdiag(w )

)
Laplacian

1
2

(
diag(w )L(A) +L(A)Tdiag(w )

)
̆ ,

0 ף ṿ̆1 .

8 [36] Ẋ G(A) ѿ
̆L ῒLaplacian ̆ Ӈ0 L ף

ṿ̆1 ̆ῒ ṿ Ȃ

3 ҺҺҺ
3.1 ᾩᾩᾩ ҅̔̔

1 ԍ ᵣ (1)̆ Ẋ
1 ╠ Ҋ̆ G ̆ғ └
῀ui ҹ

ui(t) = −k1

{
v

1
1+�
i + k

1
1+�
2

[ ∑

j2Ni

aij(xi − xj)
]}1+2�

;

i ∈ Γ; (4)

ῒҬk2 ≥ 2�� (
2+n
3)+
4+n
5+k3
2
1

; k3 > 0,

k1 ≥ 2��k
1+ 1

1+�
2

[
(
4 + n
5)( 1

2 + 2��

k2
) + 
2+n
3

21+� +
k3

]
, 
1 ԍ (11), 
2 = max8i2�{wi

∑
j2Ni

aij},

3 = max8i;j2�{wiaij}, 
4 = max8i2�{

∑
j2Ni

aij},

5 = max8i;j2�{aij}, w = [w1; w2; :::; wn]T ԍ (6),
−1=2 < � = −q=p < 0̆q Ẽ , p .

• di(t) = 0;∀i ∈ Γ, ↕ ᵣ
ῤ ѿ .

• di(t) ̸= 0;∃i ∈ Γ, ↕ ᵣ
ῤ ⌠ Ω1,

Ω1 =
{

(xT ; vT )
��� |xi − xj | ≤ c1

( 21+� l

k
1+ 1

1+�
2 k3

) 1
1+2�

|vi − vj | ≤ c2

( 21+� l

k
1+ 1

1+�
2 k3

) 1+�
1+2�

}
; (5)

ῒҬc1; c2 ѿ֓ .

7 , ѿҩ ↓ w =

[w1; w2; :::; wn]T ᶏ

wTL(A) = 0T : (6)

Lyapunov₱ ҹ

V = V0 +
n∑

i=1

Vi; (7)

ῒҬ

V0 =
n∑

i=1

wi
2 + �

|qi|2+� ; q = [q1; q2; :::; qn]T ;

Vi =
1

2��k
1+ 1

1+�
2

∫ vi

v�
i

(s
1

1+� − v�
i

1
1+� )ds; i ∈ Γ;

qi =
∑

j2Ni

aij(xi − xj); v�
i = −k2q1+�

i : (8)

ᾢ̆V0 (1) ҹ

V̇0 =
n∑

i=1

wiq1+�
i q̇i =

n∑

i=1

wiq1+�
i

n∑

j=1

aij(vi − vj)

=
n∑

i=1

wiq1+�
i

n∑

j=1

aij(v�
i − v�

j )

+
n∑

i=1

wiq1+�
i

n∑

j=1

aij [(vi − v�
i ) + (vj − v�

j )]: (9)

�+q1פ = [q1+�
1 ; q1+�

2 ; :::; q1+�
n ]T (qT )1+� =

(q1+� )T . ̆ ԍ(9)Ҭ ѿ ,
n∑

i=1

wiq1+�
i

n∑

j=1

aij(v�
i − v�

j )

= − k2

n∑

i=1

wiq1+�
i

n∑

j=1

aij(q1+�
i − q1+�

j )

= − k2(qT )1+�diag(w )L(A)q1+� = −k2(qT )1+�Bq1+� ;
(10)

ῒҬB = 1
2

(
diag(w )L(A) + L(A)Tdiag(w )

)
.

(10) ᵀ ԅ [37]Ҭ .
Πפ = {� : �1; �2; :::; �nҬ Ҍ ῃ },
Π0 = Π ∩ {� T � = 1}: , Π0 , ѿҩ

. ∋ פ Π0, Ӈ =∈ span(1), 7 ,
 TB > 0. ⌠₱  TB ̆ ғΠ0

,  TB ѿҩ ԍ0 Ҋ , ѿҩ

1 ᶏ


1 = min 2�0 TB > 0: (11)

⌠q = L(A)x , ӇwTq = wTL(A)x = 0,
q =∈ span(1) and q ∈ Π. ̆

(qT )1+�Bq1+�

(qT )1+�q1+�

=
(qT )1+�

√
(qT )1+�q1+�

B
q1+�

√
(qT )1+�q1+�

≥ 
1: (12)

҉ q1+�√
(qT )1+� q1+�

∈ Π0 q ̸= 0╠ Ҋ ⌠ .



4 ┼ ғ ”

ѿ , q ԍ0,Ҋ ̔

(qT )1+�Bq1+� ≥ 
1(qT )1+�q1+� : (13)

, (10)̆
n∑

i=1

wiq1+�
i

n∑

j=1

aij(v�
i − v�

j ) = −k2(qT )1+�Bq1+�

≤ − k2
1(qT )1+�q1+� = −k2
1

n∑

i=1

|qi|2+2� : (14)

Ҋ �iפ, = v
1

1+�
i − (v�

i )
1

1+� = v
1

1+�
i + k

1
1+�
2 qi. ԍ

(9)Ҭ ԋ ׆, 2 4
n∑

i=1

wiq1+�
i

n∑

j=1

aij [(vi − v�
i ) + (vj − v�

j )]

≤
n∑

i=1


2|qi|1+� |vi − v�
i | +

n∑

i=1

n∑

m=1


3|qi|1+� |vm − v�
m|

≤
n∑

i=1


22�� |qi|1+� |�i|1+� +
n∑

i=1

n∑

m=1


32�� |qi|1+� |�m|1+�

≤
n∑

i=1


22��
( 1

2
|qi|2+2� +

1
2

|�i|2+2�
)

+
n∑

i=1

n∑

m=1


32��
( 1

2
|qi|2+2� +

1
2

|�m|2+2�
)

=

2 + n
3

21+�

( n∑

i=1

|qi|2+2� +
n∑

i=1

|�i|2+2�
)
: (15)

ῒ , ₮Vi (1) .

V̇i =
1

2��k
1+ 1

1+�
2

�i(ui + di) −
vi − v�

i

2��k
1+ 1

1+�
2

d(v�
i

1
1+� )

dt

=
�i(ui + di)

2��k
1+ 1

1+�
2

+
vi − v�

i
2��k2

n∑

j=1

aij(vi − vj): (16)

ԍ҉ ԋ ׆̆ 2
vi − v�

i
2��k2

n∑

j=1

aij(vi − vj) ≤
|vi − v�

i |
2��k2

��
n∑

j=1

aij(vi − vj)
��

≤
1
k2

|�i|1+�(

4|vi| + 
5

n∑

m=1

|vm|
)
; (17)

׆⌠ 2 4

|�i|1+� |vm| ≤ |�i|1+� |vm − v�
m| + |�i|1+� |v�

m|

≤2�� |�i|1+� |�m|1+� + k2|�i|1+� |qm|1+�

≤
1 + 2�k2

21+� |�i|2+2� +
|�m|2+2�

21+� +
k2

2
|qm|2+2� (18)

ҩҌ Ҭ̆(16)῀ף(17)

V̇i ≤
�i(ui + di)

2��k
1+ 1

1+�
2

+
|�i|2+2�

k2
·

(1 + 2�k2)(
4 + n
5) + 
4

21+�

+

4

2
|qi|2+2� +


5

21+�k2

n∑

m=1

|�m|2+2� +

5

2

n∑

m=1

|qm|2+2� :

(19)

, (7), (9), (14), (15) (19), ⌠

V̇ ≤ −
(
k2
1 −

2�� (
2 + n
3) + 
4 + n
5

2

) n∑

i=1

|qi|2+2�

−
(

(
4 + n
5)(
1
2

+
2��

k2
) +


2 + n
3

21+�

) n∑

i=1

|�i|2+2�

+
n∑

i=1

�i(ui + di)

2��k
1+ 1

1+�
2

: (20)

ӊ ῀ף, 1Ҭ └ (4),Ҋ ⌠

V̇ ≤ −
k3

2

n∑

i=1

|qi|2+2� − k3

n∑

i=1

|�i|2+2�

+
n∑

i=1

|�i|l

2��k
1+ 1

1+�
2

: (21)

hפ = 21+� l=[k
1+ 1

1+�
2 k3]. ԍ(21)Ҭ ѿ ,

4̆
|�i|l

2��k
1+ 1

1+�
2

=
k3

2
|�i|(h

1
1+2� )1+2�

≤
k3

2
1

2 + 2�
|�i|2+2� +

k3

2
1 + 2�
2 + 2�

h
2+2�
1+2�

≤
k3

2
|�i|2+2� +

k3

2
1 + 2�
2 + 2�

h
2+2�
1+2� : (22)

ҩҌ ̆ ⌠

V̇ ≤ −
k3

2

( n∑

i=1

|qi|2+2� +
n∑

i=1

|�i|2+2�
)

+
k3

2
(1 + 2�)n

2 + 2�
h

2+2�
1+2� : (23)

ѿ ׆, 2 (7)

V =
n∑

i=1

wi
2 + �

|qi|2+� +
1

2��k
1+ 1

1+�
2

∫ vi

v�
i

(s
1

1+� − v�
i

1
1+� )ds

=
n∑

i=1

wi
2 + �

|qi|2+� +
1

2��k
1+ 1

1+�
2

|vi − v�
i ||�i|

≤
n∑

i=1

wi
2 + �

|qi|2+� +
|�i|2+�

k
1+ 1

1+�
2

≤
6

( n∑

i=1

|qi|2+� +
n∑

i=1

|�i|2+�
)
; (24)

ῒҬ
6 = maxi2�{ wi
2+� ;

1

k
1+ 1

1+�
2

}.

ҩҌ ׆̆ 5 ⌠
( V

6

) 2+2�
2+�

≤
( n∑

i=1

|qi|2+� +
n∑

i=1

|�i|2+�
) 2+2�

2+�

≤
n∑

i=1

|qi|2+2� +
n∑

i=1

|�i|2+2� : (25)

ҩҌ (23)῀ף ̆

V̇ ≤ −
k3

2

( V

6

) 2+2�
2+�

+
k3

2
(1 + 2�)n

2 + 2�
h

2+2�
1+2� : (26)

ҩҌ , di(t) = 0; ∀i ∈ Γ , h = 0̆
↕V ᴪ ῤ ⌠0,
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ᵣ ῤ ѿ .
di(t) ̸= 0; ∃i ∈ Γ, ᵣ

ῤ ⌠ Ω2,

Ω2 =
{

(xT ; vT )
��� V ≤ 
7h

2+�
1+2�

}
; (27)

ῒҬ
7 = 
6( 1+2�
1+� n)

2+�
2+2� .

Ẋ ∆ Ω2 ̆ V (0) >

7h

2+�
1+2� . Ω2 , (26) ̆

V̇ ≤ −
k3

4

( V

6

) 2+2�
2+�

= −
k3

4

6

� 2+2�
2+� V

2+2�
2+� : (28)

1 ̆ ᵣ

⌠Ω2̆ғ ҹT1 = 
6
2+2�
2+� V (0)

�2�
2+�

k3
4

�2�
2+�

.

ԍ(27), Ҋ ᵀ ᴋ ңҩ ᵣ ӊ
. |qi;m|פ = maxi2�{|qi|}, qi (8). Ӈ

(7)׆ (27)

|qi;m| ≤
(2 + �
wi;m

) 1
2+�

V
1

2+�
0 ≤

(2 + �
wi;m

) 1
2+�

V
1

2+�

≤
8h
1

1+2� ; (29)

ῒҬ
8 =
( 2+�
wi;m


7
) 1

2+� . ⌠q = L(A)x ,
∆ ׆̆ 8 ̆

xn�1 − xn =
n�1∑

j=1

�n�1;jqj ; (30)

ῒҬ�n�1;j . ѿ , (29),

|xn�1 − xn| ≤
n�1∑

j=1

|�n�1;j ||qi;m| ≤
n�1∑

j=1

|�n�1;j |
8h
1

1+2� :

(31)
ᴋ i; j ∈ Γ ’Ҋ̆ |xi − xj | ᵀ . ԍ
ᵣ ᵝ ̆ ̆Ḃ ץ

⌠ ᵌ ̆

|xi − xj | ≤ c1h
1

1+2� ; (32)

ῒҬc1 ѿҩ . ѿ ׆, 3 ⌠

|s
1

1+� − v�
i

1
1+� | ≥ 21� 1

1+� |s− v�
i |

1
1+� : (33)

, vi ≥ v�
i ,

Vi =
1

2��k
1+ 1

1+�
2

∫ vi

v�
i

(s
1

1+� − v�
i

1
1+� )ds

≥
21� 1

1+�

2��k
1+ 1

1+�
2

∫ vi

v�
i

(s− v�
i )

1
1+� ds

=
21� 1

1+� (2 + �)

21�� (1 + �)k
1+ 1

1+�
2

(vi − v�
i )

2+�
1+� : (34)

vi ≤ v�
i , ᵌ ̆ ץ ⌠(34)̆ .

ԍ(34), ⌠

|vi − v�
i | ≤

( 21� 1
1+� (2 + �)

21�� (1 + �)k
1+ 1

1+�
2

)� 1+�
2+� V

1+�
2+�
i

=
9V
1+�
2+�
i ≤ 
9V

1+�
2+� : (35)

ҩҌ ץ (29),

|vi| ≤|vi − v�
i | + |v�

i | ≤ 
9V
1+�
2+� + k2|qi|1+�

≤
9V
1+�
2+� + k2

(2 + �
wi;m

) 1+�
2+�

V
1+�
2+�

≤
10V
1+�
2+� ≤ 
10


1+�
2+�
7 h

1+�
1+2� : (36)

ץ

|vi − vj | ≤ |vi| + |vj | ≤ 2
10

1+�
2+�
7 h

1+�
1+2� = c2h

1+�
1+2� ;

(37)

, h = 21+� l=[k
1+ 1

1+�
2 k3] (32)῀ף (37), (5)

. 2
3.2 ᾩᾩᾩ ҅̔̔

ѿ ץ └
̆ ץ ⌠ Ҋ ѿ Ȃ

ui(t) =ui(tk) = −k1

{
v

1
1+�
i (tk)

+ k
1

1+�
2

( ∑

j2Ni

aij
(
xi(tk) − xj(tk)

))}1+2�

;

∀t ∈ [tk; tk+1); i ∈ Γ: (38)

ῒҬk1; k2 ҍ 1Ҭ .

2 ԍ ᵣ (1)̆ Ẋ
1╠ Ҋ, G ̆ ғ └
῀ui (38),↕
⌠ Ω3 ,

Ω3 =
{

(xT ; vT )
��� |xi − xj | ≤ m3; |vi − vj | ≤ m4;

m3 = max
{
c3T� 1

� ; c4

( 21+� l

k
1+ 1

1+�
2 k3

) 1
1+2�

}
;

m4 = max
{
c5T� 1+�

� ; c6

( 21+� l

k
1+ 1

1+�
2 k3

) 1+�
1+2�

}}
;

(39)
ῒҬc3; c4; c5; c6 ѿ֓ .

ᶏ (7) Lyapunov₱ ,
(23)̆

V̇ ≤ −
k3

2

( n∑

i=1

|qi|2+2� +
n∑

i=1

|�i|2+2�
)

+
k3

2
(1 + 2�)n

2 + 2�
h

2+2�
1+2� +

n∑

i=1

|�i||ui − ui(tk)|

2��k
1+ 1

1+�
2

: (40)
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ᾢ, ԍ 2,

|ui − ui(tk)| =k1|�1+2�
i − �1+2�

i (tk)|

≤k12�2� |�i − �i(tk)|1+2� : (41)

⌠

|�i − �i(tk)| =
���
∫ t

tk
�̇i(t)dt

��� ≤
∫ t

tk
|�̇i(t)|dt: (42)

, |�̇i(t)| ᵀ ῏ .

|�̇i(t)| =
���

1
1 + �

v
1

1+� �1
i v̇i + k

1
1+�
2 q̇i

���

≤
���

1
1 + �

v
1

1+� �1
i (−k1�1+2�

i (tk) + di)
���

+ k
1

1+�
2

���
n∑

j=1

aij(vi − vj)
���

≤
k1

1 + �
|vi|

��
1+� |�i(tk)|1+2� +

k
1+ 1

1+�
2 k3

(1 + �)21+� |vi|
��

1+� h

+ k
1

1+�
2

(

4|vi| + 
5

n∑

m=1

|vm|
)
: (43)

(29)׆ (36)

|�i| = |v
1

1+�
i + k

1
1+�
2 qi| ≤ |vi|

1
1+� + k

1
1+�
2 |qi|

≤

1

1+�
10 V

1
2+� + k

1
1+�
2

(2 + �
wi;m

) 1
2+�

V
1

2+� = 
11V
1

2+� :

(44)
Vmax(t)פ = maxu2[tk;t] V (u): ԍ 4, (36) (44),


12 
13 ᶏ

|�̇i| ≤ 
12V
1+�
2+�

max + 
13h
1+�

1+2� : (45)

ѿ , (42)

|�i − �i(tk)| ≤ 
12TV
1+�
2+�

max + 
13Th
1+�

1+2� : (46)

ҩҌ , (41) 4, ѿҩ

14ᶏ

|�i||ui − ui(tk)|

2��k
1+ 1

1+�
2

≤
2��k1

k
1+ 1

1+�
2

|�i||�i − �i(tk)|1+2�

≤
k3

4
|�i|2+2� + 
14|�i − �i(tk)|2+2�

≤
k3

4
|�i|2+2� + 
14
2+2�

12 T 2+2�V
(1+�)(2+2�)

2+�
max

+ 
14
2+2�
13 T 2+2�h

(1+�)(2+2�)
1+2� : (47)

↕,Ҭ(40)῀ף(47)

V̇ ≤ −
k3

4

( n∑

i=1

|qi|2+2� +
n∑

i=1

|�i|2+2�
)

+
k3

2
(1 + 2�)n

2 + 2�
h

2+2�
1+2� + 
15T 2+2�V

(1+�)(2+2�)
2+�

max

+ 
16T 2+2�h
(1+�)(2+2�)

1+2� : (48)

ῒҬ
15 = n
14
2+2�
12 , 
16 = n
14
2+2�

13 . ѿ ,

(25)׆

V̇ ≤ −
k3

4

( V

6

) 2+2�
2+�

+
k3

2
(1 + 2�)n

2 + 2�
h

2+2�
1+2�

+ 
15T 2+2�V
(1+�)(2+2�)

2+�
max + 
16T 2+2�h

(1+�)(2+2�)
1+2� :

(49)
ӈ

Ω4 =
{

(xT ; vT )
��� V ≤ max

{

17T� 2+�

� ; 
18h
2+�

1+2�

} }
;

(50)
ῒҬ


17 = max
{

(

2+2�
2+�

6
16
15

k3
)� 2+�

�(2+2�) ;

(

2+2�
2+�

6
16
16

k3
)� 2+�

�(2+2�)

}
;


18 = max
{

6

(8n(1 + 2�)
2 + 2�

) 2+�
2+2� ; 1

}
: (51)

Ҍ ῤ̆

V > 
17T� 2
� ; V > 
18(

2h
k3

)
2

1+2� ;

V̇ ≤ −2
15T 2+�V
(1+�)(2+�)

2 + 
15T 2+�V
(1+�)(2+�)

2
max (t):

(52)
ҩ῏ ̆ ץ

max8�2[tk;tk+1]V (�) = V (tk): (53)

Ẋ [tk; tk+1]Ҭ ѿ ҩ ┴
t� ᶏ V (t�) > V (tk). ⌠V̇ (tk) ≤

−
15T 2+�V
(1+�)(2+�)

2 (tk) < 0, ӇV (t) tk
ѿ ῤ⁞ . ┴ t�� ∈ [tk; t�] ᶏ

(i) V (t��) = V (tk); (ii) V̇ (t��) > 0; (iii)V (t) ≤
V (tk) ; ∀t ∈ [tk; t��]: (i) (iii), (52)

V̇ (t��) ≤ −
15T 2+�V
(1+�)(2+�)

2 (t��) < 0;

ҍ(ii) V̇ (t��) > 0 . ,ץ (53) . ѿ ,
(52)῀ף(53)

V̇ ≤ −2
15T 2+�V
(1+�)(2+�)

2 (t) + 
15T 2+�V
(1+�)(2+�)

2 (tk):
(54)

, ∀t ∈ [tk; tk+1), V (t) ԋ ’. ѿ
V (t) > 0:5V (tk) ѿ V (t) ≤ 0:5V (tk).
ѿ ’ ᾢ₮ ̆Ӟ ̆
V (t) ≤ 0:5V (tk)ӊ╠̆

V̇ ≤ −(2 − 2
(1+�)(2+�)

2 )
15T 2+�V
(1+�)(2+�)

2 (t): (55)

Ҍ ԋ ’ ̆Ҋ Ҍ

V (tk+1) ≤ 
19V (tk); (56)

ῒҬ 0 < 
19 < 1. , V (tk) ⌠Ω4.

҉̆ № ᵌԍ ’,
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⌠ Ω3. 2
1 � = 0 ̆ ᾣ ѿ (38)

ҹᾣ ѿ

ui(t) = ui(tk)

= −r1vi(tk) − r1r2

[ ∑

j2Ni

aij
(
xi(tk) − xj(tk)

)]
;

∀t ∈ [tk; tk+1); i ∈ Γ; (57)

ῒҬr2 ≥ (
2+n
3)+
4+n
5+r3
2
1

; r3 > 0; r1 ≥ r2
2

[
(
4 +

n
5)( 1
2 + 1

r2
) + 
2+n
3

2 + r3

]
. ᵌ ̆

ᵣ ⌠ Ω5

Ω5 =
{

(xT ; vT )
��� |xi − xj | ≤ m3; |vi − vj | ≤ m4

m3 = c4

( 2l
r2

2r3

)
; m4 = c6

( 2l
r2

2r3

) }
; (58)

ῒҬc4; c6 ѿ֓ .

2 � = 0 ̆Ӟ ᾣ ѿ
Ҋ̆ ѿ ’̆

n∑

i=1
qi = 0̆↕

1Tq = 1TLx = 0; ∀x ∈ Rn:

ԍx ᴋ ̆ Ӈ1TL = 0. w ץ 1.
ѿ ̆ 6̆ (13) ҹ

qTBq ≥ �2(B)qTq:

ῒҬB = 1
2 (LT + L), Ӟ ̆ 1Ҭ 
1

�2(B)ף .

3 2 1, Ҥ ̆
₮ԅ ҍ └ ӊ ῏ Ȃҹ
ԅ ̆ ᾣ ѿ (57)
ᵬ Ҋ, └ ץ̆ Ḡ

. ̆ Ҭ, k2; r2 k3; r3Ҍ .
̆ ԍ ⱴ � , k2 k3 ⱴ

’Ҋ̆ �Ḃ . ΐᵣ ,
ץ k2 k3 ᶏ 0 < 21+� l

k
1+ 1

1+�
2 k3

< 1, ғ �

ԍ− 1
2̆↕Ω1 Ω3Ҭ 1

1+2� ԍ1, ѿ
( 21+� l

k
1+ 1

1+�
2 k3

) 1
1+2� ≪ 2l

r2
2r3

. ̆ Ҭ̆

Tѿ ( ’ ץ ẠT = 0)̆
m3 ≪ m3 m4 ≪ m4. Ӟ ̆Ω3

ԍΩ5 , ᾣ ѿ ѿ ᾣ
ѿ ΐ ⱬ.

4 ᴏᴏᴏ ᶛɒɒ
4ҩ ᵣ ᵣ (1),

ᵣӊ Ḥ ֜ 1 .
ҹT = 0:01s. ∆ ᴆ: x(0) = [0; 1; 3; 2]T , v(0) =
[−1; 2;−1;−1]T . ꜚ: d1(t) = 0:9 sin(8t − 1),

d2(t) = −0:5 cos(2t)+0:5 cos(1:8t), d3(t) = 0:6 sin(t)+
0:7 cos(t), d4(t) = 0:2 cos(11t − 4), lץ = 1. ҹԅ

Ὲ , ᾣ └ ҍᾣ └
ṿ ̆ΐᵣ , k1 = r1 = 16, k2 = r2 = 3.

, ᾣ ⱴ � = −2=9. ԋ Ҋ
№≢ 2 3 , ῒҬ,

(a) (c)№≢ 4ҩ ᵣ ᵝ , (b) (d)№
≢ (a) (c) . ҹԅ
̆ 2(a)-(d) 3(a)-(d)

. ׆̆ 2 3 ץ ₮̆ ᾣ
(38) ᾣ (57)ΐ

.

1 ᵩ
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2 ᾩ Ґ
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2

(c) ᵣ
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(d) (c)
3 ᾩ Ґ

5
ԋ ᵣ ѿ ̆

ԅ ᾣ └ ᾣ └
̆ ╠ ҉ └ ⌠ .
Ҥ ̆ ғ ꜚ ̆

ץ ѿ . ꜚ
└Ҋ̆ ᴋ ԋҩ ᵣ

⌠ѿҩ ̆ └ ȁ
ꜚ . Ҭ ₮ԅ ῏
̆ ԅ ᾣ ѿ ᾣ ѿ

. ̆ᴏ ᶛ ѿ ԅ
.
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